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It is well known that the bulk physics of a topological phase constrains its possible edge physics
through the bulk-edge correspondence. Therefore, the different types of edge theories that a topolog-
ical phase can host constitute a universal piece of data which can be used to characterize topological
order. In this paper, we argue that, beginning from only the fixed-point wave function (FPW) of a
nonchiral topological phase and by locally deforming it, all possible edge theories can be extracted
from its entanglement Hamiltonian (EH). We give a general argument, and concretely illustrate
our claim by deforming the FPW of the Wen-plaquette model, the quantum double of Z2. In that
case, we show that the possible EHs of the deformed FPW reflect the known possible types of edge
theories, which are generically gapped, but gapless if translational symmetry is preserved. We stress
that our results do not require an underlying Hamiltonian–thus, this lends support to the notion
that a topological phase is indeed characterized by only a set of quantum states and can be studied
through its FPWs.
I. INTRODUCTION
Topological order (TO) in a gapped (2+1)-dimensional
quantum many-body system is believed to be charac-
terized entirely by universal properties of its ground
state(s)1–4. For instance, a nonzero topological entangle-
ment entropy γ in the ground state indicates the presence
of TO and is a measure of the total quantum dimension of
the underlying anyonic system4,5. The braiding statistics
of anyons in the theory is another such universal prop-
erty and can be extracted from the S and T matrices,
computed by measuring the overlap between the ground
states transformed by modular matrices on a torus6–9.
The different kinds of edge theories that a topologi-
cal phase can support, when placed on a manifold with
a boundary, constitute another universal piece of data
that we will be concerned with in this paper. It is well-
known from the bulk-edge correspondence that the topo-
logical physics of the bulk constrains the possible types
of edge theories10–13. For example, in Abelian topologi-
cal phases, it is understood that the number of topolog-
ically distinct gapped edges is in one-to-one correspon-
dence with the number of Lagrangian subgroups of the
anyonic model in the bulk, each of which is a set of quasi-
particles that obey certain braiding statistics within and
without the set14–16. One very useful way of studying
the edge theory of a given bulk is to look at the en-
tanglement spectrum [ES] (or entanglement Hamiltonian
[EH]) of its ground state |Ψ〉, through the edge-ES (or
edge-EH) correspondence17. The EH Hent. is defined as
follows. For a given bipartition of the system into two
parts L and R, such that the entanglement cut mimics
the geometry of the physical edge in question, the EH
is obtained from ρL ≡ 1Z e−Hent. , where Z = Tr(e−Hent.)
and ρL := TrR |Ψ〉〈Ψ| is the reduced density matrix on
L. The ES is then simply the eigenvalues of the EH.
The edge-ES correspondence states that the ES typi-
cally reproduces the universal, low-energy spectrum of
the edge18,19. It is natural to conjecture that this corre-
spondence applies not just to the spectrum but also to
the Hamiltonians in an edge-EH correspondence – such
a view is indeed supported by the recent work of Ref. 19.
However, here a quandary arises. A single quantum
state gives a unique EH, i.e. a single instance of an edge
theory. Yet, as mentioned before, the universal features
of topological order, which include the set of possible edge
theories, should all be contained within a quantum state.
Thus, a natural question that arises is: can one extract
all possible edge theories starting from only one quan-
tum state (or a microscopically few number of quantum
states) believed to host the TO?
In this paper, we argue that this is indeed the case: by
locally deforming only one (or a few) quantum state(s),
one can extract the edge theories of the TO, at least per-
turbatively. Concretely, we work with nonchiral topo-
logical phases, where the natural quantum states that
characterize the TO are the so-called fixed-point wave
functions (FPWs), |ψFPW〉20–23. These are special quan-
tum states obtained at the fixed-point of an entangle-
ment renormalization group flow in the space of quantum
states, after all nonuniversal, short-ranged entanglement
has been removed. We consider deforming the FPW as
such:
|ψFPW〉 → |ψ′〉 ≡
⊗
i
(Ii + Vi)|ψFPW〉. (1)
Here i is a region localized in space (not necessarily
single-site),  a small parameter and Vi some chosen op-
erator with support on i. Our claim is that all edge
theories of a topological phase, obtained perturbatively
from a fixed-point limit (more precisely, the fixed-point
Hamiltonian), can be extracted by studying the EH of
the deformed FPW |ψ′〉. Furthermore, we can restrict
the set of operators Vi to have support only in L, so that
we can also study the edge theories through deformations
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2of the reduced density matrix directly:
ρL → ρ′L =
[⊗
i∈L
(Ii + Vi)
]
ρL
[⊗
i∈L
(Ii + Vi)
]
. (2)
Note that there is no bulk Hamiltonian involved in this
approach of studying edge theories - thus, wave-function
deformation lends even more support to the view that TO
is characterized by only a small set of quantum states.
At first sight, the possibility of extracting universal
edge information simply from deformations of the FPWs
is a rather surprising claim. This is so because the nth-
Re´nyi entropies of ρL are all equal for the FPW, so one
would expect that beyond the topological entanglement
entropy, no further universal data about the edge can
be extracted from |ψFPW〉, which was indeed claimed in
Ref. 24. On the other hand, TO is characterized by the
“pattern of entanglement” in the wave function23, and
so all universal data including that of the edge should be
contained within the structure of the FPW.
In the rest of this paper, we present both theoreti-
cal analysis and numerical evidence to support the latter
point of view. For the sake of exposition, we first illus-
trate our claim in a specific model: the Wen-plaquette
model25, a quantum double of Z2 with TO similar to the
toric code. We present a perturbative analysis to derive
the EHs of the Wen-plaqutte model from local deforma-
tions to its FPWs, comparing this to known results about
its edges theories. We also numerically confirm our anal-
ysis by showing that we can reproduce and distinguish
the two topologically distinct gapped edge theories that
are well known to exist for a system with Z2-toric code
TO, by measuring a nonlocal order parameter. Then,
we present a perturbative argument for the validity of
wave-function deformation for general nonchiral topolog-
ical phases that are described by string-net models. Fi-
nally, we discuss potential applications of wave-function
deformation and conclude.
II. EXAMPLE: WEN-PLAQUETTE MODEL
It is instructive to first illustrate concretely our claim of
extraction of universal edge information beginning from
only the FPW in a specific model, before presenting the
argument for general nonchiral topological phases. We
will focus on the Wen-plaquettte model in this section.
A. Edge theories of Wen-plaquette model, revisited
We first review known results about the edge of the
Wen-plaquette model using the Hamiltonian approach
(mainly following Ref. 19; see also Ref. 26 for a Projected
Entangled Pairs States (PEPS) approach).
The Wen-plaquette model is a fixed-point Hamiltonian
acting on a square lattice of spin-1/2s, comprised of mu-
L R
Ly
FIG. 1. (Color online). The infinite cylinder of width Ly
on which the Wen-plaquette model is defined on, with the
bipartition into two semi-infinite cylinders L and R. The red
and blue strings acting on the row of spins adjacent to the
entanglement cut are the two noncontractible Wilson loops
wrapping around the cylinder, Γe and Γm.
tually commuting plaquette-terms:
H = −
∑
p
Op = −
∑
p
p , (3)
and its ground states(s) are FPWs. Op = p
4
1
3
2
=
Z1X2Z3X4 is a plaquette-term, where {Xi, Yi, Zi} are
the Pauli-matrices acting on site i. The emergent TO
is bosonic Z2-toric code, and so the system supports
anyonic quasiparticle excitations labeled by {1, e,m, f}.
The geometry we consider here is an infinite cylinder
of circumference Ly (Ly = 4n for some integer n),
with a smooth bipartition dividing the infinite cylin-
der into two semi-infinite cylinders left (L) and right
(R), mimicking the physical edge of a semi-infinite cylin-
der. On such a geometry, there are four topologically
distinct FPWs, each of which carries an anyonic flux
as measured by the two noncontractible Wilson loops
Γe = Z1X2 · · ·ZLy−1XLy and Γm = X1Z2 · · ·XLy−1ZLy
wrapping around the cylinder, which we choose to act on
the circle of spins on L just adjacent to the entanglement
cut, see Fig. 1.
On the left (L) semi-infinite cylinder, which has a
boundary, we know from the work of Ref. 19 that the
emergent degrees of freedom (DOF) which both the edge
Hamiltonian (EdH) and the entanglement Hamiltonian
(EH) act on are pseudospin-1/2s, composed each of two
real spins on the boundary (see Fig. 2(a)). In addition,
the algebra of boundary operators (i.e. operators which
act on these emergent DOFs) is generated by the op-
erators ZiXi+1, that each act on two boundary spins
(i, i+1) of L. In terms of the pseudospin-1/2s, a mapping
to pseudospin operators that preserves the commutation
relations of these boundary operators can be found as
follows:
Z2n−1X2n ↔ τxn , Z2nX2n+1 ↔ τznτzn+1, (4)
where ταn is an α-Pauli operator acting on the n-th
pseudospin-1/2 (see also Fig. 2(a)). We see that these are
Z2 symmetric, Ising-type terms τxn and τznτzn+1. There is
a similar mapping for boundary operators on R. Thus,
3FIG. 2. (Color online). (a) The L semi-infinite cylinder with
the boundary on the right. The numbers label rows of spins.
The red boundary operators Z2n−1X2n get mapped to τxn ,
while the blue boundary operators Z2nX2n+1 get mapped to
τznτ
z
n+1. τ
α
n is an α-Pauli operator acting on the emergent
DOFs τ at the edge, a pseudospin-1/2, depicted by the green
ellipse. (b) W(h) against h for an infinite cylinder of circum-
ference Ly = 20 and  = 0.001. Red squares represent the
numerical results obtained using the ground state of the EH
on a semi-infinite cylinder, while black circles represent the
exact diagonalization results of a bona fide Ising spin chain of
length N = 10 – the agreement is virtually perfect. One can
clearly see that W(h) distinguishes between the two phases,
ferromagnetic for h < 1 and paramagnetic for h > 1, with the
critical value at h = 1.
both the EdH and EH are made out of linear combina-
tions of products of τxn and τ
z
nτ
z
n+1, which are therefore
both Z2 symmetric Hamiltonians.
What are the different gapped edge theories of the
Wen-plaquette model? From the works of Refs. 14–16,
we know that there are two known topologically distinct
gapped edges in a system with a bosonic Z2-toric code
TO, which are given by the Lagrangian subgroups {1, e}
and {1,m}. In the language of the pseudospin DOFs, τ ,
and the form of the edge Hamiltonian in terms of bound-
ary operators, these two topologically distinct gapped
edge theories can be easily understood as the param-
agnetic and ferromagnetic phases of an emergent Z2
Ising-type Hamiltonian, with the two phases separated
by a quantum phase transition described by a (1 + 1)-
dimensional, c = 1/2 Ising CFT.
Let us now realize a clean, canonical, Ising model on a
physical edge to the lowest nontrivial order in perturba-
tion theory. Consider the following perturbation to the
bulk Hamiltonian defined on the semi-infinite cylinder L,
Eq. (3):
V (h) = −
∑
i∈L
Vi(h), Vi(h) =
{
Zi + hXi, i even
hZi +Xi, i odd
,
(5)
so that the full bulk Hamiltonian is H + V (h). Here,
 1 (the bulk gap is 1), and h is a tunable parameter.
It has been shown in Ref. 19 that to O(2), both the EdH
on a semi-infinite cylinder L and the EH of the ground
state of H+V (h) on an infinite cylinder are proportional
to (up to a shift) the emergent Ising Hamiltonian:
HIsing = −
∑
n
(
τznτ
z
n+1 + h
2τxn
)
, (6)
acting on the pseudospin DOFs. The different FPWs
(with which to calculate the EdH and EH) give the
boundary conditions on a circle (periodic/anti-periodic),
and also the different Z2 symmetry sectors of G =
∏
n τ
x
n
(see Ref. 19 for a more detailed explanation of the sym-
metry sectors corresponding to different FPWs).
If h < 1, the ground state of Eq. (6) realizes the fer-
romagnetic phase, while if h > 1, then it realizes the
paramagnetic phase. When h = 1, so that there is full
translational symmetry around the cylinder, the EdH
and EH are both the critical Ising model, which realizes
the c = 1/2 Ising CFT in the low-energy limit, as ex-
pected from Ref. 19 using arguments of Kramers-Wannier
self-duality.
B. Edge theories of Wen-plaquette model from
wave-function deformation
Our aim now is to recover the phase diagram of Eq. (6)
starting from only the FPWs of the Wen-plaquette
model, and to show how wave-function deformation can
be used to extract this information.
To be precise, we work with |ψFPW〉 that has the iden-
tity flux, i.e. it is an eigenstate of both the Γe and Γm
Wilson loops wrapping around the cylinder with eigenval-
ues +1. This choice of FPW selects for the Z2-symmetric
sector of the Ising Hamiltonian with periodic boundary
conditions27. Now, the FPWs of the model are defined
by the flux-free conditions, Op = +1 for every plaquette
p. Note that these conditions do not require the notion of
a Hamiltonian, even though the states that satisfy these
conditions are obviously realized as the ground states of
Eq. (3). The unnormalized FPW with the identity flux
is given by
|ψFPW〉 =
∏
a=e,m
(
I+ Γa
2
)∏
p
(
I+Op
2
)
|0〉L|0〉R, (7)
where |0〉L|0〉R is a reference state. 12 (I + Op) is a pro-
jector onto the flux-free sector, and
∏
a=e,m
1
2 (I + Γ
a)
projects onto the +1 eigenvalues of the noncontractible
Wilson loops on the cylinder, Γe and Γm.
Now, to recover the edge physics of the Wen-plaquette
model, we locally deform only the L half of the FPW
given by Eq. (1), using Vi = Vi(h) as in Eq. (5), so that
|ψFPW〉 → |ψ′(h)〉. We find, combining (1) a perturbative
calculation in the representation of the FPW in terms
of pseudospin variables τ (see the Appendix A for the
details), and (2) the detailed calculations performed in
Appendices B and C of Ref. 19, that
ρ′L = N ′ exp
(−42P+1HPBCIsing)+O(3), (8)
4restricted to the G = +1 symmetry sector. That is,
Hent. is proportional to the Z2-symmetric periodic Ising
model, Eq. (6), which is also proportional to the edge
Hamiltonian. In contrast, for the (undeformed) FPW,
ρL = NP+1. (9)
Eq. (8) is an instance of the concrete expression of our
claim – that the EH Hent. in ρ
′
L, obtained only from
deformations to the wave function of the Wen-plaquette
model, indeed informs us about the edge physics, given
by Eq. (6). Note the striking contrast between ρL of the
FPW and ρ′L of the deformed FPW: the former has a flat
ES and only tells us about the topological entanglement
entropy of the topological phase, while the latter has an
ES that gives us information about the edge.
However, if the EH of the deformed FPW not only
reproduces the spectrum of the EdH, but is also propor-
tional to it, then we should be able to directly obtain the
phase diagram of Eq. (6) by measuring a suitable order
parameter in the ground state |GS(h)〉L of the EH. Typ-
ically, the order parameter that distinguishes between
the ferromagnetic and paramagnetic phases in the Ising
Hamiltonian is the local order parameter τzn, which de-
tects symmetry breaking. However, because Eq. (6) is
actually an emergent Hamiltonian acting on pseudospin
DOFs, certain emergent operators cannot be realized by
the underlying, original, degrees of freedom. In particu-
lar, there is no way to realize the Z2-odd local operator τzn
(which one would typically measure to detect symmetry
breaking in such a model) in terms of the local boundary
operators ZiXi+1, as the latter all get mapped to Z2-even
operators (see Eq. (4)). One therefore has to measure a
nonlocal order parameter to distinguish between the two
phases; two possible choices are the open string operators
W e = Z1X2 · · ·ZLy/2−1XLy/2 ↔ τx1 τx2 · · · τxLy/4,
Wm = Z2X3 · · ·ZLy/2XLy/2+1 ↔ τz1 τzLy/4, (10)
acting on spins of L adjacent to the entanglement cut
(they are not the closed string operators Γe or Γm). Intu-
itively, W e and Wm measure the amount of anyonic con-
densation of e and m quasiparticles respectively on the
boundary14,15. Since these two operators are Kramers-
Wannier duals of each other, it suffices to measure only
one; we choose to measure only W e. The expectation
value is then computed in the ground state of the EH:
W(h) := 〈GS(h)|LW e|GS(h)〉L. (11)
When Ly →∞, the order parameter should show a kink
at h = 1 where the quantum phase transition is. For h <
1,W(h) should be vanishing, signifying the ferromagnetic
phase, while for h > 1, W(h) should increase as a power
law W(h) ∼ (h− 1)β with some critical exponent β, and
saturate at +1, signifying the paramagnetic phase.
We implement this procedure and obtain the phase di-
agram numerically. We utilize an exact representation
of |ψFPW〉 on an infinite cylinder with circumference Ly,
encoded in a matrix product state (MPS) that wraps
around the cylinder in a snake-like fashion7. We deform
the MPS according to Eq. (1) with deformations given
by Eq. (5), and then extract the Schmidt vector corre-
sponding to the largest singular value in the Schmidt
decomposition, which gives us |GS(h)〉L.
Fig. 2(b) shows the plot of W(h) against the tuning
parameter h, for Ly = 20 and  = 0.001 (the results are
insensitive to the exact values of  as long as  1). As
expected,W(h) shows a sudden increase from 0 in the re-
gion h < 1 to +1 in the region h > 1, with the transition
at h = 1. For comparison we have also plottedW(h) of a
bona fide Ising spin chain of length N = Ly/2 = 10 with
periodic boundary conditions, Eq. (6), obtained via ex-
act diagonalization. The agreement is virtually perfect.
This shows that we have successfully extracted the two
known gapped edges in this system with Z2-toric code
TO, by locally deforming only |ψFPW〉. Note crucially
that at no stage of the numerical illustration was there
any optimization of the MPS tensors.
III. GENERAL ARGUMENT FOR NONCHIRAL
TOPOLOGICAL PHASES
Having illustrated how wave-function deformation
works in a concrete example, the Wen-plaquette model,
we now make the case for the validity of wave-function
deformation in general nonchiral topological phases. As
seen from the preceding section, the crucial point was
that both the EdH of the Wen-plaquette model and the
EH obtained through just a local deformation of its FPW
act on the same emergent DOFs and are generated by
the same algebra of boundary operators. Thus, wave-
function deformation of the FPW could be used to ex-
plore the space of edge theories and extract the desired
universal edge information, which we did successfully.
Our aim in this section is to therefore argue that the
same line of reasoning is true for general nonchiral topo-
logical phases. Concretely, we consider nonchiral topo-
logical phases for which there is a string-net description,
and perform a Schrieffer-Wolff(SW) transformation28 to
derive the edge Hamiltonian and entanglement Hamilto-
nian, beginning from a fixed-point Hamiltonian and its
corresponding fixed-point wave function respectively. We
will see that the forms of both the edge Hamiltonians of
a given theory and the entanglement Hamiltonians of its
deformed FPWs (given by Eqs. (1) or (2)) are the same,
both being generated by the same algebra of boundary
operators acting on the same emergent DOF. Thus, this
would imply that the universal edge information of a
topological phase is contained within the FPW and can
be extracted by locally deforming the FPW and studying
its EH. Note that since the arguments presented in this
section are perturbative in nature, they do not constitute
a mathematical proof of our claim; however, the calcu-
lation done for the specific case of the Wen-plaquette
model in the previous section, together with the numeri-
5cal evidence presented, constitute strong evidence for the
validity of the line of reasoning below.
A. Edge Hamiltonian
The starting point is the fixed-point Hamiltonian of a
generic nonchiral topological phase on a lattice, described
by a string-net model23:
H = −
∑
i⊂M
Pi, (12)
where Pi are commuting projectors, acting on a spatially
local (not necessarily single-site) region i of a closed man-
ifold M, so that the ground state subspace consists of
states that satisfy Pi = +1 for all i. The ground state
subspace is typically degenerate, split into different topo-
logical sectors, differentiated by noncontractible Wilson
loops around the manifold.
Note that the condition Pi = +1 for all i also precisely
defines the fixed-point wave functions of the nonchiral
topological phase, so that a Hamiltonian is actually not
needed to describe these wave functions which charac-
terizes this phase. However, we will use this fixed-point
Hamiltonian to give meaning to the term ‘edge theories’
of a topological phase.
Consider now if the manifold M is instead open, so
that it has a boundary ∂M. Then, if Eq. (12) still de-
scribes the Hamiltonian on M, in addition to the mi-
croscopic ground state degeneracy given by the different
topological sectors, there will be a macroscopic ground
state degeneracy within each topological sector, given by
emergent local degrees of freedom (DOF) on the bound-
ary. One can remove this degeneracy by imposing bound-
ary conditions on ∂M, which amounts to adding small
(  1) local perturbations V acting near ∂M, so that
the full Hamiltonian is H + V . The edge theory of the
topological phase can then be understood as the low en-
ergy subspace of H + V , which can be calculated, for
example, using the Schrieffer-Wolff(SW) transformation:
Hedge = P0HP0 + P0V P0 +
1
2
2
∑
j 6=0
P0V PjV P0
Ej − E0 + · · · ,
(13)
where P0 is the projector onto the ground state subspace,
and Pj is the projector onto the higher energy subspaces.
We see from the above expansion that the only terms
which contribute to the edge Hamiltonian are those that
commute with all Pi, since they preserve the ground
state condition Pi = +1. That is, [P0V P0, Pi] = 0,
[P0V Pj 6=0V P0, Pi] = 0, and so on.
We define A as the maximal set of algebraically inde-
pendent Hermitian operators that each acts locally on
the manifold M and which commutes with all Pi. That
is, A is comprised of algebraically independent operators
aj which satisfy
[aj , Pi] = 0 for all i, (14)
such that support(aj) is in M. Obviously, all Pi and
the noncontractible Wilson loops are in A, but on an
open manifold, there will be typically many more local
operators aj , with support near the boundary ∂M, lo-
calized around site j, that also satisfy this condition. We
will hence call them ‘boundary operators’. The boundary
operators of A then generates (by virtue of being a max-
imal set of algebraically independent operators) the edge
Hamiltonian – that is, Hedge, given by Eq. (13), must be
a linear combination of products of aj :
Hedge =
∑
ci1,··· ,ilai1 · · · ail , (15)
where ci1,··· ,il is a coefficient denoting the weight of the
string of boundary operators ai1 · · · ail and the sum is
over such strings.
If the discussion above seems cryptic, it is instructive
to go back to the example of the Wen-plaquette model
considered in the previous section. There, the Hamilto-
nian Eq. (12) is given by Eq. (3), and an example of a
boundary operator ai ∈ A is ZiXi+1, which we see is
both localized near the boundary and commutes with all
plaquette operators Op in the bulk. Furthermore, the set
of all such boundary operators ZiXi+1 indeed generates
Hedge, see Eqs. (4) and (6) (see also Ref. 19).
Note that the boundary operators ai in general obey
nontrivial commutation relations between themselves,
which give rise to an algebra BA that we will call the
‘boundary operator algebra’ (c.f. Eq. (4) for the Wen-
plaquette model). Because of this nontrivial algebra, the
edge theory will have a nontrivial dispersion relation.
Also, if the operators ai are chosen as local as possi-
ble, then the condition that one adds local perturbations
V to H translates to the fact that the edge Hamilto-
nian will also obey some approximate sense of locality
on ∂M, since the support of the terms in the expansion
of Eq. (13) can only grow linearly with the order of .
Also, a local perturbation V ensures that the edge theory
can be defined within each topological sector of the bulk
theory without ambiguity, as mixing between topological
sectors will be suppressed by an exponentially small fac-
tor ∼ L, where L is the length scale associated with the
boundary ∂M .
B. Entanglement Hamiltonian of deformed FPW
Now, we shift perspectives and start from the fixed-
point wave functions of a topological phase defined on
a closed manifold M. We assume an entanglement cut
of M into two parts L and R, mimicking the physical
cut. Our aim in the following is to argue that the entan-
glement Hamiltonian that emerges from wave-function
deformation of the FPW is also generated by A, the
maximal set of algebraically independent operators that
act locally and which commutes with all Pi. If so, then
that would imply that the space of EHs and the space of
EdHs are equivalent (at least perturbatively), and so edge
6information of the topological phase can be extracted
from wave-function deformation, thereby supporting our
claim.
We have the following Schmidt decomposition of the
FPW:
|ψFPW〉 = Γ
∏
i∩∂M 6=0
Pi|Pj⊂L = +1〉|Pk⊂R = +1〉, (16)
where Pj/k are projectors that have support entirely in
L/R, while projectors Pi are those that span the entan-
glement cut. Γ is some Wilson line/loop that chooses the
FPW of a particular topological sector. Since [Pi, Pj/k] =
0, it must be that Pi can be decomposed into products
of elements of AL and AR. Here Aξ is the set A, defined
previously, corresponding to the ξ = L/R semi-infinite
cylinder. That is, schematically, Pi =
∑
µ f
µ
L(aL)f
µ
R(aR),
for some functions fµL/R. As an example, a plaquette
term in the Wen-plaquette model that straddles the en-
tanglement cut is ZL,1XR,1ZR,2XL,2 which can be writ-
ten as ZL,1XL,2 ⊗XR,1ZR,2, where the two terms of the
tensor product belong to AL to AR respectively.
Thus, the Schmidt decomposition of the FPW must be
|ψFPW〉 = 1√
N
N∑
µ=1
|aµL〉 ⊗ |aµR〉, (17)
where N is the multiplicity that gives the correct topolog-
ical entanglement entropy of the topological phase, and
|aµL/R〉 are states in the ground state subspace of the
open manifolds ML/R, schematically distinguished by
the boundary operators aµL/R ∈ AL/R (recall the macro-
scopic degeneracy in the case of open manifolds which
can be resolved by the boundary operators). This gives
the reduced density matrix on L:
ρL =
1
N
PΓ0 , (18)
where PΓ0 is the projector onto the ground state manifold
(of H as in Eq. (12)) restricted to the topological sector
chosen by Γ. We see from this that the ES is flat, as the
ES of the FPW should be.
Next we deform the reduced density matrix as in
Eq. (2). If we write
⊗
i(Ii + Vi) ≈
⊗
i exp(Vi) ≈
exp(
∑
n≥1 
nSn) (Sn is given by the Baker-Campbell-
Hauserdoff formula; in particular, S1 =
∑
i Vi), then we
have the deformed reduced density matrix
ρ′L ≈
1
N
 PΓ0︸︷︷︸
h
+ {S1,PΓ0}+O(2)︸ ︷︷ ︸
v
 , (19)
where {·} is the anticommuator and we have interpret
Eq. (19) as a ‘perturbation’ v on a ‘unperturbed’ Hamil-
tonian h. We now apply the SW transformation to the
Hamiltonian h+ v, like before, but to instead obtain the
‘higher-energy’ subspace perturbatively. Here ||h|| = 1
and ||v|| ∼  so the use of the SW transformation is jus-
tified. We have, to the two lowest orders in ,
(ρ′L)high =
1
N
(
PΓ0 + PΓ0 vPΓ0 +
2
2
PΓ0 vPΓ1 vPΓ0
1− 0
)
. (20)
Comparing the above to the perturbative expansion of
the edge Hamiltonian given by Eq. (13), there is more
than structural similarity of the expansions; there is also
algebraic similarity. Since PΓ0 is non other than the pro-
jector onto the ground state manifold of the fixed-point
Hamiltonian H on M, it follows that (ρ′L)high must also
be generated by A, the maximal set of local, algebraically
independent operators in M that commute with all Pi,
similar to Hedge. Furthermore, since the deformations of
the FPW were local to begin with, (ρ′L)high is also ap-
proximately local on ∂M. There is one more step to the
entanglement Hamiltonian Hent.: one has to take the log-
arithm of (ρ′L)high, but it is clear that the entanglement
Hamiltonian will also be generated by A, although the
notion of locality might be affected. However, to low-
est order in , the entanglement Hamiltonian will still be
approximately local. An explicit example of the above
calculations for a particular model, the Wen-plaquette
model, can be found in Appendix A and also Ref. 19.
Thus, we have argued that the forms of both the edge
and entanglement Hamiltonians are the same, both being
generated by A. This implies that the space of entangle-
ment Hamiltonians obtained from a local deformation of
the FPW is the same as the space of edge Hamiltonians
obtained from various bulks, at least perturbatively. It is
natural to assume then that for some local perturbation
V to the fixed-point Hamiltonian H which gives some
edge Hamiltonian, there exists a suitable choice of local
deformations {Vi} to the FPW such that the EH repro-
duces the edge Hamiltonian. Of course, our arguments
above do not provide an explicit recipe for construct-
ing this map; this map depends on the specific nonchiral
topological phase in question, as one would have to find
both the set of operators A and also the boundary op-
erator algebra BA that these operators satisfy. However,
we believe that we have managed to present convincing
arguments for our claim: that universal edge informa-
tion can be extracted solely from local deformations of
the FPWs of a nonchiral topological phase.
IV. DISCUSSION AND CONCLUSION
In this paper, we have argued through both analytical
and numerical means that using wave-function deforma-
tion on the FPWs, one can extract the different edge
theories that a nonchiral topological phases can support,
at least perturbatively. We stress that this process does
not require a bulk Hamiltonian, as firstly the FPW can
be defined by local consistency relations, and secondly
the deformation is done at the wave function level. Since
the different edge theories that a topological phase can
support is a universal piece of data of the TO, this lends
7support to the belief that TO is characterized solely by
a set of quantum states.
wave-function deformation can potentially be used to
distinguish between systems with different TO. For ex-
ample, two FPWs can have the same topological entan-
glement entropy (such as the Z2 Kitaev toric code and Z2
double semion which both have γ = log 2), but extrac-
tion of the different edge theories they can host can be
used to further differentiate between them. Furthermore,
the study of edge theories using wave-function deforma-
tion can be readily applied to other nonchiral topological
phases, especially since FPWs take simple representa-
tions in terms of tensor networks20,29–31 – in particu-
lar, this allows for a numerically relatively inexpensive
way of exploring the space of edge theories as no numer-
ical optimization is indeed. For instance, a study of the
edge theories of the Z3 Wen-plaquette model has been
conducted32.
As a closing remark, we note that the analysis done in
this paper was perturbative in nature, controlled by the
small parameter . Since we see that we can go from the
FPW to any gapped or gapless boundary type, and since
the local deformation is invertible, it follows that we can
go from any boundary type to any boundary type of the
topological phase, starting from a perturbative deforma-
tion of the FPW. This is likely to be true also for any
nonperturbative deformation, as long as we do not de-
stroy the TO. However, here one would potentially have
to ‘dress’ the order parameter operators (Eq. (10)) appro-
priately, see Ref. 22. It may thus be possible to explore
the entire phase diagram of edge theories of a topolog-
ical phase starting from a state |ψ〉 with a certain edge
theory (i.e. not necessarily the FPW): one could move in
this phase space of edge theories by locally deforming |ψ〉
(nonperturbatively) to produce another state |ψ′〉 with a
different edge theory, even if the two edge theories are
separated by a phase transition.
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8APPENDIX: PERTURBATIVE CALCULATION
OF ENTANGLEMENT HAMILTONIAN (EH)
First we rewrite the FPW of the Wen-plaquette model,
Eq. (7), in terms of boundary pseudospin-1/2 degrees of
freedom, τ , as explained in the main text and in Ref. 19.
This representation will also illustrate the pattern of en-
tanglement (Z2-toric code TO) contained in the wave
function.
The product over the plaquettes p in Eq. (7) splits
into 3 sets: those that act on L, those that act on
R, and those that act on the strip of spins where the
entanglement cut is defined through. Define |L〉 as∏
p∈L
1
2 (I + Op)|0〉L and similarly for R. Here |0〉L|0〉R,
the reference state in Eq. (7), is chosen in such a way that
(Z2nX2n+1)L|L〉|R〉 = (X2nZ2n+1)R|L〉|R〉 = |L〉|R〉 for
all n, where n labels the spins on both L and R adjacent
to the entanglement cut (i.e. this fixes the gauge of the
reference state).
With this choice of reference state, |L〉 can be repre-
sented as the state with pseudospin configuration | ↑↑
· · · ↑↑〉L (i.e. all τns are pointing up), and there is a sim-
ilar representation for |R〉. Furthermore, the mapping
of boundary operators (e.g. ZiXi acting on L) to pseu-
dospin operators is given by Eq. (4). Since the plaquettes
acting on the strip (through which the entanglement cut
is made) are comprised of a product of two boundary
operators from the L and R cylinders, the FPW can be
written as a superposition of pseudospin configurations
on the L and R halves:
|ψFPW〉 =
∑
τ
P+1|τ〉L|τ〉R =
∑
τ
|τ+〉L|τ〉R, (21)
where P+1 is the projector on the G =
∏
n τ
x
n = +1 sym-
metry sector, and |τ〉 is a state with a certain pseudospin
configuration (e.g. | ↑↓↓ · · · ↓↑〉). Two different pseu-
dospin configurations are orthogonal: 〈τ ′|τ〉 = δτ ′,τ , and
|τ+〉 = |τ〉+ |τ¯〉, where τ¯ is the completely flipped config-
uration of τ . Ignoring the projector, one can intuitively
see that this state is a loop quantum gas – it is an equal
weight superposition of loops on the cylinder. The dif-
ferent configurations τ correspond to the different ways
loops cross the entanglement cut; |τ〉L must pair with
only |τ〉R or |τ¯〉R in order to form a closed loop.
We deform the FPW |ψFPW〉 of the Wen-plaquette
model, Eq. (7) (or Eq. (21)), according to Eq. (1) with
Vi = Vi(h) as given by Eq. (5), and calculate the EH of
the reduced density matrix ρL. Note that the manipu-
lations here are formally similar to that of Ref. 19, but
the logic is fundamentally different: there, the perturba-
tive calculation was performed for deformations to the
Hamiltonian, while here, the perturbative calculation is
performed for deformations to the wave function.
Now, we note that the Vis split into two sets – those
that act on spins in the bulk of L (that is, away from
the entanglement cut), and those that act on the circle
of spins in L living adjacent to the entanglement cut.
The former set simply renormalizes |τ〉L → |τ˜〉L, which
is still an orthogonal set, and so we drop the tilde label in
our discussion. We therefore see that the change of the
entanglement spectrum comes only from deformations to
the wave function on spins next to the entanglement cut.
The deformed FPW, to O(2), is then
|ψ′(h)〉 =
∏
i∈L,adj. to cut
(Ii + Vi)
∑
τ
|τ+〉L|τ〉R
=
I+ ∑
i
Vi + 2
2
∑
i<j
ViVj
∑
τ
|τ+〉L|τ〉R.
(22)
Consider the O() effect of the deformation. This gener-
ates terms |α+〉L|τ〉R where |α〉L is a new ket orthogonal
to all the pseudospin configurations |τ〉L (specifically it
is a state describing an excitation in the bulk). Consider
next the O(2) effect of the deformation. This gener-
ates two kinds of states. If Vi and Vj are not adjacent,
then we also obtain a state |α+〉L|τ〉R. But if j = i + 1
i.e. that Vi is next to Vj , then they can form boundary
operators ZiXi+1, so that the deformed FPW contains
new states |τ ′〉L|τ〉R for some τ ′, τ . The crucial point is
that there is now additional coupling between states that
are labeled only by pseudospin configurations which are
beyond the diagonal |τ+〉L|τ〉R ones. These off-diagonal
terms |τ ′〉L|τ〉R generate the EH.
Specifically, from the mapping given by Eq. (4),
V2n−1V2n|τ+〉L|τ〉R ↔ h2τxn |τ+〉L|τ〉R + · · · and
V2nV2n+1|τ+〉L|τ〉R+ ↔ τznτzn+1|τ+〉L|τ〉R + · · · , so that
the deformed FPW is
|ψ′(h)〉
=
∑
τ
(
I+ 22
∑
n
(τznτ
z
n+1 + h
2τxn )
)
|τ+〉L|τ〉R + · · ·
=
∑
τ
(
P+1 − 22P+1HPBCIsing
) |τ〉L|τ〉R + · · · , (23)
where · · · refer to terms such as O()|α〉L|τ〉R. At this
stage, we are done: from the detailed calculation per-
formed in Appendices B and C of Ref. 19, we see the · · ·
terms do not contribute to the EH at leading order, and
so
ρ′L = TrR |ψ′(h)〉〈ψ′(h)|
= N ′ exp (−42P+1HPBCIsing)+O(3). (24)
That is, the EH is proportional (up to a constant shift)
to the periodic Ising Hamiltonian projected into the G =∏
n τ
x
n = +1 sector, which in turn is proportional to the
edge Hamiltonian (EdH) of the Wen-plaquette model.
This is Eq. (8) in the main text.
